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Introduction
Several investigations were conducted in recent years to obtain a reliable method for the interpretation of the fatigue life of structures subjected to spectrum type loading. While the general problem of correlating test results obtained on simple laboratory specimens under simulated loading conditions with the behavior of complex structures is far from being solved, the partial problem of prediction of fatigue life of specimens is now better understood.
It has been shown previously 1 that "life reducing" interaction between frequent low and infrequent high stress amplitudes based on the concept of slip accumulated into striations 2 leads to a quasi-linear damage rule and conservative estimates of fatigue lives 3. For this purpose "fictitious' interaction S-V' diagrams were constructed from which the shortened fatigue lives were obtained.
The previous interpretation of the random fatigue tests was based on the following simplifications: the endurance limit of the S-VI relation was assumed to be too low to be significant; a high stress level ' above which fatigue is replaced by alternating plasticity was chosen arbitrarily, and only simple exponential stress spectra were examined.
The purpose of the present paper is to generalize the previous approach using the full interaction damage rule by the consideration of a variable endurance limit in conjunction with a constant-slope S-V" relation, the elimination of 5, and the inclusion of generalized (skewed) exponential stress spectra and additional test data.
Three aircraft structural materials, 2024 and 7075 aluminum and SAE 4340 steel, were investigated using specially designed 4 rotating bending fatigue machines on which up to seven load levels, controlled by a programmed tape, may be applied to the specimen. The specimens used were 5/16 in. dia. bars with a central section 1 in. long that is gradually reduced to 3/16 in. dia. Table 1 lists the physical properties of the three materials.
SummarY of Cumulative Damaze Theory
The cumulative damage theory presented earlier 1 assumes that the interaction between infrequent high stress amplitudes and frequent low stress amplitudes of a random spectrum produces initiation or acceleration of damage at the low stress amplitudes disproportionately higher than that predicted on the basis of the constant amplitude S-Vs relation. Though observations have shown that the initial application of high stress amplitudes may produce an increased fatigue life at the subsequent low stress amplitudes due to strain hardening of the material, such results can not be expected in random tests of smooth unnotched specimens essentially free of residual stresses; consequently, only life reducing interaction will be considered. Moreover, little stress interaction should be expected in tests in which WADD TR 60 -752 1 the proportion of high stress levels is large enough to produce a significant amount of damage on its own so that the test results are governed, essentially, by the high stress levels alone.
It is reasonable to assume that the conventional endurance limit of a material will not remain unaffected if the applied stress spectrum contains stress levels both below and above this limit, because even a non-propagating crack, that would remain static under the application of very low loads, may become active when a few intermittent high loads are applied.
The complex effects of "life reducing" interaction may therefore be represented most effectively by interaction factors, co > 1 that will reduce the characteristic constant amplitude fatigue life at a particular stress level from Vs to V' = Vs/cs, or co > 1 that will reduce the stress level at a particular fatigue life from S toS = S/ov, both interaction factors being functions of the stress spectrum and related to each other. With their aid an interaction S-V; diagram differing in slope and endurance limit from the real S-Vs diagram may be constructed ( Fig. 1) and expressed as simple power function of the form
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Vm s-se where V 5 and V1 are, respectively, the characteristic values (at L = l/e) of the conventional constant amplitude fatigue life and the interaction life, Vm is the conventional constant amplitude fatigue life at the maximum stress level ratio sm of the spectrum, s the test stress amplitude ratio, se and s' the conventional and the reduced endurance limit ratios, v and p the slopes of the two lines, where v > p ; the stress ratio is defined as the ratio of the test stress to the ultimate tensile strength in tension s = S/ . -The tu equations related through the interaction factors may be expressed as vs = 0 sVs and s =( .31 or from Eq. 
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For high stress levels, as s approaches sm both factors approach unity showing that no interaction occurs at the highest stress level of the spectrum, while for stresses approaching se, the interaction factor co becomes very large and cov approaches 00 v = Se/Se"
With the use of the interaction factors the linear damage rule of Palmgren 5 and Miner
may be modified to produce the observed fatigue life
where VR and VA are, respectively, the estimated and observed life under a randomized spectrum of stress amplitudes and pi is the frequency of occurrence of the ith stress level.
Combining Eqs. 2.2 and 2.7 the modified linear damage rule in terms of stresses
results.
Load Soectra
The determination of a load spectrum representative of actual service conditions on an aircraft which is to be applied to a tgst specimen has long been a topic of discussion. It has been shown by Lundberg that a simple exponential spectrum will adequately describe gust and maneuver loads on airplane wings, while a recent paper by Weibull 7 expresses sonic noise spectra in terms of extremal (Weibull) distributions. Because of its versatility and simplicity the extremal load distribution was adopted in the present investigation. The frequency distribution has the form __t_
while the cumulative distribution P(s) = l-P*(s), where
represents the frequency or probability of values exceeding s; the return number of such values T(s) =
1
In the above expressions s is the non-dimensional stress-amplitude ratio, the lowest limit of expected stress amplitude ratios, s. the characteristic stress amplitude ratio similar to (mode) of the spectrum at Pi(s ) = l/e, and a is a parameter. It should be noted that for a = 1 Lu dberg's simple exponential distribution, P* = e-h(s-s0) results, with slope h = ( 3 ) on a semi logarithmic plot. For a = 2, Eq. (3.2) is known as the Rayleigh -C 0o distribution while for a = 3.57 a good approximation to the normal distribution 4 results. Weibull has shown 7 that Eq. 3.2 is applicable to spectra containing a mean stress as well as to those with zero mean stress, as is the case in the present investigation. Figure 2 presents some typical stress spectra while Table 2 lists the relevant parameters and P*(s) of the distributions used in the tests. It is to be noted that distributions A-C" were designed some time ago on the basis of available flight data 8 without a theoretical probability density function in mind; extremal distributions were fitted to the data later and consequently the parameters listed for these distributions are only approximate.
Analysis of Damage Accumulation
The inherent scatter of fatigue test results makes it necessary to associate both the conventional and the interaction fatigue diagrams Eq. 2.1 and 2.2 as well as random test results with a particular level of probability of survival. On the basis of extensive investigations 9 the so called Third Asymptotic distribution of extreme (smallest) values limited by a minimum life No has been found to reproduce fatigue test data fairly well; consequently, the probability of surviving N stress cycles will in this report be represented by the survivorship function
a distribution identical with the one used to define load spectra in Eq. 3.2; V the characteristic value at the probability level L(V) = l/e is close to the mode of the distribution and p is a scale parameter. The same expression is valid for constant amplitude (N.) and variable amplitude (NR) tests.
The cumulative damage relation will be developed for the characteristic value of the observed fatigue life V1 on the basis of the modified linear damage rule Eqs. 2.7 and 2.8 where the summation is replaced by integration and the frequency of occurrence of individual stress amplitudes by the continuously varying frequency distribution function p(s) according to Eq. 3.1. 
expanding the integrand into a binomial series with the abbreviation 
For stress spectra containing stress amplitudes both above and below the endurance limit s', the lower limit of integration should correspond to s" since stresses below th~s limit do not produce any damage.
For this case z1 should be replaced by z" in Eqs Integrating the first integral of Eq. 4.7 by parts rz(p l) = ez
is obtained which, for integral values of p , may be written in the form
n-o (P -n)! Substituting Eq. 4.7 and 4.9 for instance into Eq. 4.6 the simplified form
is obtained.
The most damaging stress amplitude sD at the maximum rate of damage will be determined by differentiation of the damage rate dD/ds = p(s) Vk/ V• with respect to s setting the derivative equal to zero; The general S-V t relation, on the basis of which Eq. 4.5 was developed, is a function of the two parameters p and s' and expresses the damaging effects of the spectrum. "High level" fatigue with all stress levels considerably higher than the endurance limit is characterized by p << v and the endurance limit remains unaffected while "low level" fatigue with all stress levels near the endurance limit, by p& v and s" < se, if the stress levels are distributed over a wide range p < V and s' < s will result as can be seen on Figure 3 . The same relation may be useful in explaning possible work hardening effects of the high stress levels (p > v)(s > se).
It is, however, expedient to keep the first parameter, p constant and vary only the second one the endurance limit. s'. Such a procedure will permit the use of an integral value of p and will therefore simplify all relationships considerably.
Suggestions for a constant p have also been made by other investigators 11 12 , but the variation of the endurance limit was not observed until the present time.
Experimental Procedure and Results
Variable stress amplitude tests were performed on vertical rotating bending fatigue machines in which up to seven load levels may be applied at random to the specimen by the variation of the electric current in a coil moving in a magnetic field, the sequence of loads being controlled by a tape programming device. A detailed description of the equipment and its operation may be found in ref. 4. Three aircraft structural materials, 2024 and 7075 aluminum and SAE 4340 steel ( Table 1) were tested in the form of round specimens of 5/16 in. maximum diameter and a gradually reduced 1 in. long central section of 3/16 in. minimum diameter under a great variety of stress spectra, each test series consisting of twenty specimens to permit statistical analysis of the results. A total of 1500 random and 500 constant amplitude tests were performed and their results analyzed; only the characteristic values Vh and VS respectively are presented here. The actual test data have been t•bulated and published earlier 13, 14, 3 .
The conventional S-N-L relation at the probability level L(VS) = l/e evaluated previously without the consideration of an endurance limit has been recomputed; log(S-Se) was plotted versus log VS selecting Se by trial and error in such a way as to produce a straight line. Consequently Se is a mathematical rather than a physical endurance limit which, however, does not differ significantly from the conventional endurance limit values listed in standard tables such as ANC-5.
The equations of the (s-se)-Vs relations for the three materials are as follows:
2024 Aluminum V. and are plotted in Figure 5 .
The testing machines used in the investigation can only apply discrete stress levels in random sequence rather than continuous spectra, and consequently the integration procedure of Eqs. 4.2 to 4.10 must be replaced by summation as in Eq. 2.8 where the frequency of occurrence Pi of the individual stress levels is obtained from Eq. 3.2
Pi M fsi~l p(s) ds = e Sc'-S 0 -e Bcso = P*(si) -P*(si+l) 5.4 si Since stress amplitudes greater than a are not applied the frequency of occurrence of am must include those of all m higher stress levels. Consequently p = P*(sm)" The cumulative probabilities P*(s) are tabulated in Table 2 , while tle stress levels used in the tests are shown in Table 3 to 5. The increment between adjacent stress levels A a = si+l -si = constant for a distribution.
Pairs of p and corresponding s" were computed by trial and error from Eq. 2.8; a few of the typical combinations are shown in Figure 6 . For convenience an integer value of P was finally chosen for each material, s3 was computed as the only parameter of the (S-SI) -V" relations and is presented in Tables 3, 4 and 5. The chosen p values, ep 4 sfor aluminum andP = 3 for steel, provide the best fit for all tests.
The reduction of the endurance limit in random tests is quite apparent in most of the results and is most significant in the case of steel, for which such a reduction has been shown to exist 1. Though a constant value of p = 4 produces an apparent increase of the endurance limit in a few isolated cases for 7075 aluminum (Table 5) , this is only indicative of the fact that a somewhat higher value of P might have been chosen for these tests.
Conclusions
The following observations can be made on the basis of the results:
(1) for 2024 aluminum and SAE 4340 steel the linear damage rule always overestimates the fatigue life as can be seen from the values of the sum of cycle ratios lF < 1, for 7075 aluminum the linear damage rule provides an overestimate in the majority of cases but is reliable for tests with predominantly very low stresses;
(2) a constant value of p may be found for each material; this and a variable enduranoe limit stress will determine the interaction damage (S-SI) -V& diagram, permitting the use of a quasi-linear damage rule; (3) empirical relationships between s; and the other relevant variables, namely, h, s, s, VR, and Vm, may be determined at least for 2024 aluminum and SAE 4340 steel; &ey give a fairly reliable estimate of the lowered endurance limit (for constant P ) as demonstrated in Figures 7 and 8 No such a relation was however found for 7075 Aluminum.
It is apparent that the constant value p with s" = 0 provides a safe fatigue life for all tests, while a careful choice of tie endurance limit reduced by about 25% will give conservative estimates in most cases.
The constant values of p are only slightly lower than the conventional slopes v of the log(S-Se) -log VS diagrams; as a matter of fact they are the nearest integer values to V and suggest that similar procedures may be followed for other materials. The approximate value of the reduced endurance limit may then be obtained from a few program tests since st is delimited by zero on the one hand and the conventional endurance limit se on the other. 
